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Universal Features of Quantized Thermal Conductance of Carbon Nanotubes 
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The universal features of quantized thermal conductance of carbon nanotubes (CNTs) are revealed 
through theoretical analysis based on the Landauer theory of heat transport. The phonon-derived 
thermal conductance of semiconducting CNTs exhibits a universal quantization in the low temper- 
ature limit, independent of the radius or atomic geometry. The temperature dependence follows a 
single curve given in terms of temperature scaled by the phonon energy gap. The thermal conduc- 
tance of metallic CNTs has an additional contribution from electronic states, which also exhibits 
quantized behavior up to room temperature. 
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During the last two decades, electronic transport in 
mesoscopic systems whose dimensions are much smaller 
than a mean-free-path of electrons has been extensively 
studied experimentally and theoretically. One of the 
most striking phenomena is that the electrical conduc- 
tance is quantized in multiples of universal quantum, 
2e 2 /h, which is observed in a one-dimensional (ID) con- 
ductor formed between two reservoirs Q . 

In contrast, only few studies on nano-scale thermal 
transport phenomena, especially at low temperatures, 
have been performed, because the experimental observa- 
tion and evaluation of thermal transport quantities under 
such conditions are hard to carry out. Recent advances in 
nanotechnology, however, have made it possible to inves- 
tigate thermal transport phenomena in mesoscopic and 
nano-scale ballistic systems experimentally Schwab et al. 
observed the universal quantum of thermal conductance, 
ir 2 kgT/3h, in nano-sized narrow wires using a sophisti- 
cated fabrication technique Q , and the value observed is 
consistent with the theoretical prediction proposed ear- 
lier by Rego and Kirczenow Q and by other theoretical 
studies 0, 0. However, an unequivocal verification of 
the existence of quantized thermal conductance in other 
nanostructures has not been obtained thus far, in con- 
trast to the quantization of electronic transport, which 
has been observed in various systems. As local heating 
is one of the key issues to be resolved in the development 
of nano-scale devices, it is highly desired to clarify the 
thermal properties of nanostructures. 

Single- wall carbon nanotubes (CNTs), which are nat- 
ural quantum wires of small size and high stiffness, arc 
considered most suitable for this purpose, havinga large 
phonon-mean- free-path of the order of 1 fim |(| [7j ■ Re- 
cent experiments showed that CNTs have remarkable 
properties of thermal transport at low temperatures, re- 
flecting quantum effects in one dimension 0, H, The 
low-temperature thermal conductance of CNTs is linear 
in the temperature T and extrapolates to zero at T = 0. 



This implies the existence of quantized thermal conduc- 
tance in CNTs. 

In this Letter, we investigate the low-temperature ther- 
mal conductance in single-wall CNTs sandwiched be- 
tween hot and cold heat baths, and show not only that 
the thermal conductance in CNTs is quantized, but also 
that the phonon contribution to the thermal conductance 
has universal features that depend only on the tube ra- 
dius and not on the chirality. In contrast, the thermal 
conductance by electrons is found to be critically depen- 
dent on the chirality, equivalent to the electronic states. 

As in previous theoretical studies on quantized ther- 
mal conductance @, 0, @ j the present study begins with 
a method analogous to the Landauer theory of electrical 
transport, since a crude formulation of phonon thermal 
conductance based on a conventional argument of the ki- 
netic theory of gases is not applicable to ballistic phonon 
systems. The thermal current density of the ID phonon 
system formed between two (hot/cold) heat baths is de- 
scribed as the Landauer energy flux, which is given by 
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where m is a phonon mode, fno m (k) is a phonon 
energy dispersion of wavenumber k, v m (k) — 
dui m {k)/dk is a phonon group velocity, ri(Lo m ,T a ) — 
[exp (huj m /kBT a ) — 1] 1 is the Bose-Einstein distribu- 
tion function of phonons in heat baths, and Cm(k) is the 
transmission probability between the system and heat 
baths @. 

The evalution of the integration in Eq. Q is, in gen- 
eral, very difficult, and it requires a knowledge of the fre- 
quency, u! m (k), and the transmission probability, £ rn (fc), 
as a function of m and k. However, changing the in- 
tegration variable in Eq. Q from k to u) m leads to a 
cancellation between the phonon group velocity, v m , and 
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FIG. 1: Low-energy phonon dispersion curves for a (10, 10) 
carbon nanotube. Four acoustic modes are present: a longi- 
tudinal acoustic mode, doubly degenerate transverse acoustic 
modes, and a twisting acoustic mode (in order from the top). 
The inset shows the energy gap ftu op of the lowest optical 
modes. 



the density of state, dk/du) m , and Eq. is rewritten as 
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where 



and 



are the minimum and maximum 



The thermal conductance in CNTs can be obtained 
by substituting w™ m and w™ ax for all phonon modes m 
into Eq. Q). The phonon energy dispersions for CNTs 
can be obtained by diagonalizing the dynamical ma- 
trix constructed with the scaled force-constant param- 
eters gurc shows energy dispersion curves 
for the region near the T point (k = 0) for a CNT with 
chiral vector Ch = (10, 10), where |T| denotes the mag- 
nitude of the unit vector along the tube axis. Here, the 
chiral vector (n, m) uniquely determines the geometrical 
structure of CNTs [HG3. The fi 

gure shows four acous- 
tic modes with linear dispersion: a longitudinal acoustic 
mode, doubly degenerate transverse acoustic modes, and 
a twisting mode. The lowest optical {Eig Raman ac- 
tive) modes are doubly degenerate and have an energy 
gap of huj p — 2.1 mcV at the T point. The gap, hio op , 
depends only on the tube radius R and decreases ap- 
proximately according to ~ 1/R 2 as shown in the inset 
of Fig. Q] [lol IrH . These modes always lie in low-energy 
dispersion relations, independent of the tube geometry 
such as radius or chirality. 

Figure |2Ja) shows the temperature-dependent thermal 
conductances, normalized to a universal value of 4ko (as 
explained later). The calculated values approach unity 
in the low-temperature limit, indicating that the phonon 
thermal conductance of CNTs is quantized according 
to a universal value of 4ko, independent of the shapes 
or atomic geometry. The quantization of thermal con- 
ductance originates from low-energy excitations of long- 
wavelength acoustic phonons (four branches in Fig. ^) 
at temperatures sufficiently low that the two lowest op- 
tical modes with an energy gap, hcu op , are not excited 
(lowest gapped branch in Fig. |2J) . The quantization can 
also be derived analytically from Eq. Only the first 
term, <j>(2, 1), contributes to the conductance at the low- 



and the limit of adiabatic contact between the system 
and heat baths, £(w m ) = 1j t ne thermal conductance, 
Kph = Qph/AT, is given as a form of an elementary in- 
tegration: 



2nh ^ 



dx- 



(3) 



angular frequencies of the m-th phonon dispersion, re- 
spectively. It is noted that this form is independent of 
the energy dispersion except for w™ ln and w™ ax . Fur- 
thermore, imposing the condition of the limits of linear 

responce, AT = T hot - T co i d < T = (T hot + T cold )/2, temperature limit, leading to A(ir 2 k 2 B T /3h) = 4k . Here, 

4 represents the number of acoustic branches. 

It may be difficult to observe the above features exper- 
imentally, because of the effects of phonon reflections at 
the contacts where the CNT connects to the heat baths. 
We, however, expect that the observation of the above 
feature must be possible, judging from the theoretical 
study of Rego and Kirczenow |3( which shows that, for 
quantum wire with small cross-section, rcflcctionlcss con- 
tact is realized when the connection is extremely smooth. 
For CNTs, such a smooth contact on the atomic scale 
may be formed between a silicon carbide (SiC) surface 
and a CNT grown on it, because the interface between 
the SiC and CNT may have little strain owing to their 
similar bond lengths. Of course, detailed theoretical and 
numerical works are necessary in order to fully under- 
stand the effects of phonon reflections at the contacts on 
thermal conductance in CNTs 

Another important finding is that the different curves 
of temperature-dependent thermal conductance for var- 
ious CNTs seen in Fig. |2Ja) exhibit a universal be- 
havior when a scaled temperature is introduced, r op = 
ksT/huiop. Taking account of the four acoustic and two 



Performing the integration in Eq. J3J, we finally derive 
an analytical form of the thermal conductance, which is 
easily applicable to various ID ballistic phonon system, 

K , _ ,.min _ max. 
ftph — K ph re p h • 
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Here, a denotes 'min' or 'max', <fi(z, s) = Y^ =l {s n /n z ) is 
the Appel function and x^ = hio^/kBT '. In particular, 
a gaplcss mode with w™ m = contributes a universal 
quantum of kq = Tr 2 kgT/3h to the thermal conductance. 
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FIG. 2: (a) Low-temperature phonon-derived thermal- 
conductance for various types of carbon nanotubes (CNTs) 
with several chiral vectors (n,m). (b) Thermal conductance 
as a function of temperature scaled by the energy gap of the 
lowest optical mode. 

lowest optical modes and substituting the values of w™ m 
for these branches at the V point into the formula of 
Eq. J2J, the thermal conductance can be given in the 
following simple form. 

4k 1 + 7r 2<S ( 1 + Top + 2r2 p ) ' ^ 

The curves in Fig. Ufa) are replotted against the curve 
of Eq. (JSJ with scaled temperature r op in Fig. 2(b). It is 
evident that all curves (only three curves are shown for 
clarity) fall on a single curve coinciding with the curve 
of Eq. J5J) in the low-temperature limit. The curves turn 
upward at around r op w 0.14 from a linear region in this 
plot (quantization plateau), with the the plateau width 
determined by the tube radius according to the relation 
~ 1/R 2 (see result in the inset of Fig.0. This universal 
behavior of the thermal conductance of CNTs indicate 
that low-temperature phonon transport is characterized 
by the optical phonon energy gap. huj ov , which is deter- 
mined only by the tube radius, as shown in the inset of 
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FIG. 3: Ratio of thermal conductance by electrons, « e i, to 
that by phonons, K p h, for a (10, 10) CNT. The inset gives 
results at low temperatures on an expanded scale. 

Fig. ^ This theoretical result supports both the experi- 
mental observations and the inferred tube-radius depen- 
dence of the width of the thermal conductance plateau, 
although direct comparison of the absolute values be- 
tween the experiment and theory is not possible due to 
the unknown extrinsic factors in the experiment 0, . 

The electronic contribution to thermal conductance 
can be determined in a straightforward manner by re- 
placing the Bose-Einstein distribution function, r](tu m ), 
in Eq. Q with the Fermi-Dirac distribution function, 
f(e m ,T) = 1/ {e^-^/ksT + ^ and thcn substituting 
the electron energy bands, e m , into the formula. Ac- 
cording to this formulation, all conduction bands crossing 
the Fermi energy level yield the same universal thermal 
conductance (kq = it 2 k 2 B T/?>h) as that of phonons, even 
though electrons obey different statistics. In general, the 
quantum of thermal conductance should be a universal 
value independent of particle statistics (3, E3 • 

The behavior of the electronic thermal conductance 
in CNTs depends on whether the CNT is metallic or 
semiconducting, which is sensitive to radius and chiral- 
ity 0, El- For semiconducting CNTs, the electronic 
thermal conductance should vanish roughly exponen- 
tially according to T — > , having an energy gap of the 
order of 0.1 eV [H 03, HI- For metallic CNTs, two lin- 
ear energy bands crossing the Fermi level at fc > 01 
contribute to the electronic thermal conductance at low 
temperatures, resulting in a universal value of k i = 4«o, 
where the factor 4 represents the number of two spin- 
degenerate channels crossing the Fermi level. This re- 
sult also satisfies the Wicdcmann-Franz relation between 
electrical conductance and electronic thermal conduc- 
tance 0, I20I l2lj . The total thermal conductance of 
metallic CNTs is given by ft = k c \ + K p h = 
at low temperatures. 

Finally, a significant difference was recognized between 
the widths of the quantization plateau for phonons and 
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electrons in metallic CNTs. The characteristic energy 
for phonon transport at low temperature is huj op , typi- 
cally a few meV, as described in Fig. 2(b). However, 
the characteristic energy for electrons is of the order of 
0.1 eV, corresponding to the energy at a van Hove singu- 
larity measured from the Fermi level |22j |. Consequently, 
the quantized nature of thermal conductance caused by 
electrons is predicted to survive up to room tempera- 
ture, at which phonons already cease to exhibit thermal 
quantization, giving rise to high thermal conductance. In 
other words, the electronic contribution to thermal con- 
ductance is negligible compared to that from phonons 
at moderate temperatures. Figure 3 illustrates the tem- 
perature dependence of the ratio of thermal conductance 
K e i/nph for electrons and phonons. The ratio observed ex- 
perimentally is one order of magnitude lower than the 
present value. The discrepancy is attributed to the the- 
oretical treatment of CNTs as purely metallic, whereas 
only a certain fraction (~ 1/3) [ll],[lj| of the crystalline 
ropes of CNTs in the experiment will be metallic and 
contribute to K e \. 

It is noted that decisively different behaviors of thermal 
conductance are seen between single-wall and multi-wall 
CNTs. In the case of multi-wall CNTs, recent measure- 
ments showed that their thermal conductivity increases 
as ~ T 2 at low temperature suggesting that they 

act essentially as two-dimensional systems for phonon 
transport, and displays a single peak near the room tem- 
perature due to Umklapp scattering [24[. On the other 



hand, such a peak has not been observed so far for single- 
wall CNTs. This, together with the large phonon-mean- 
free-path of the order of l^m 0,0] for single- wall CNTs, 
justifies the neglect of the effect of the Umklapp scat- 
tering process in our approach. To develop a theory for 
multi-wall CNTs with taking the process into account 
will be a challenge for future studies. 

In summary, the universal features of quantized ther- 
mal conductance in single-wall CNTs have been shown 
using a simple formula derived from the Landauer for- 
malism of heat transport. Essentially, the gap of the 
lowest optical mode depending only on the tube radius 
characterizes the universal behavior of low-temperature 
thermal conductance by phonons in CNTs. Electrons 
similarly contribute a universal quantum to the thermal 
conductance in metallic CNTs. The formula derived in 
the present study will facilitate study on the origin of 
thermal conductance for various one-dimensional nanos- 
tructures at low temperatures through consideration of 
the universal features of thermal conductance as a func- 
tion of temperature scaled by the energy gaps of elec- 
trons or phonons at the long- wavelength limit. This line 
of study is expected to afford guidelines for the thermal 
management of various nano-scale electronic devices, in- 
cluding CNTs, which will be crucial in the assembly of 
fully functional devices in the future. 
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ogy of Japan through the Grant-in- Aid No. 15607018. 
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